Dark energy models can be seen as dynamical systems. In this paper we show that multi-field models with a curved field space give rise to new critical points and we analyse their stability. These are new accelerating solutions in late-time cosmology which exist even for steep potentials. This opens up the possibility to realise quintessence models even when quantum corrections spoil the flatness of the underlying potential. These non-linear sigma models arise naturally in supergravity and string models where their multi-field dynamics can help to avoid swampland bounds.
I. INTRODUCTION
Right before the turn of the millenium the groundbreaking detection of dark energy completely changed our view of our universe. A combination of different observations [1] [2] [3] , gave birth to the so-called ΛCDM model, according to which roughly 70% of our universe is currently driving a phase of accelerated expansion.
This late-time behaviour of our universe is described by cosmological models which can be cast in the form of dynamical systems. This allows to study their fixed points and their stability via both analytical and numerical methods [4] . So far several solutions have been found mainly for single-field models. These include matter domination, kinetic domination, scaling solutions and accelerating solutions where the universe is dominated by the potential energy of a scalar field. More general solutions can be found by including multiple scalar fields mainly focusing on a flat field space (see [5] and references therein). 1 In this case no qualitatively new critical points emerge but the regions of stability can be enlarged.
In analogy with existing inflationary solutions [7, 8] , in this paper we shall instead consider multi-field models of late-time cosmology where the field space is curved. We shall show that these non-linear sigma models give rise to qualitatively new fixed points where accelerated expansion is possible even for steep potentials. This opens up the possibility of realising viable dark energy models in general cases where quantum corrections would otherwise spoil the flatness of standard quintessence solutions.
In particular, we will consider models with two scalar fields where φ 1 has an exponential potential, φ 2 is a flat direction and the model features a field-dependent kinetic coupling between these two fields. 2 Starting from arbitrary initial conditions corresponding to matter domination, the system evolves following a spiral trajectory where a non-zero velocity along φ 2 can be seen as an extra time-dependent effective contribution to the potential of φ 1 . This effect is crucial to generate a late-time 1 See [6] for a preliminary discussion of the curved field space case. 2 The inflationary dynamics of very similar models has already been studied in [9, 10] .
accelerating solution which can reproduce the observed equation of state parameter and energy density of dark energy even if the exponential potential for φ 1 is steep. Notice that non-linear sigma models of this kind emerge naturally from string compactifications [9] [10] [11] and represent a general class of dark energy constructions which seem promising to evade recently conjectured quantum gravity bounds. In fact, the existence of consistent de Sitter (dS) vacua in quantum gravity is currently under fervid debate [12] [13] [14] [15] . This resulted in the so-called 'dS swampland conjecture' [16] , stating the existence of O(1) bounds on the slope of effective potentials which is in tension with standard realisations of quintessence models with flat potentials. Our new accelerating solutions would help to avoid these bounds by relying on a multi-field dynamics in a curved field space. 3
II. QUINTESSENCE FROM FIELD SPACE CURVATURE

A. A two-field model
In this paper we consider the late universe dynamics of a two-field scalar sector of the form:
where the field space metric can be written as:
and where the potential has a flat direction along φ 2 , i.e. V (φ) = V (φ 1 ). This class of metrics occurs often in string and supergravity constructions where the two fields are part of the same super-multiplet. The specific form of the function f will depend on the geometric origin of the scalars. In what follows we will show that this system can give rise to a quasi-dS phase in the late universe where the expansion of spacetime is driven by the non-trivial dynamics of the massless scalar.
The two-field system is described by the coupled Klein-Gordon equations:
In order to obtain exact analytical results we will study the dynamics of the system when the scalar potential is of exponential form:
and the field-space curvature is constant and negative:
which implies a kinetic coupling of the form:
For concreteness we will take A + = 0 and set A − = 1.
In order to study the dynamics of the system of coupled scalars in the late universe we also add a barotropic fluid with pressure p γ = (−1 + γ)ρ γ that evolves according to the continuity equationρ γ = −3Hγρ γ . We assume 0 < γ < 2 and will often take the barotropic fluid to be pressureless dust and set γ = 1. The first Friedmann equation becomes:
Following [18] we define the dimensionless variables:
which allow us to write the dynamics of the system as an autonomous system (with ≡ d/d ln a):
where:
Given that we are assuming a flat universe, eq. (7) can be written as Ω γ = 1−(x 2 1 +x 2 2 +y 2 1 ) with x 1 , x 2 ∈ [−1, 1] and y 1 ∈ [0, 1]. The physical parameter space, when written in terms of these variables, is half of a 3-disk (or a ball) of unit radius centred at the origin.
The equation of state for the scalar sector is a crucial variable for late universe physics and can be written as:
while the energy density in the scalar sector is:
Current observations [19] point to ω φ −1 and Ω φ 0.7 today, with exact values and corresponding errors varying depending on the datasets used. The critical points of the system (9) correspond to x 1 = x 2 = y 1 = 0. We find six critical points which we list in Tab. I and whose non-trivial existence domains we illustrate in Fig. 1 . Two critical points, K + and K − , correspond to kinetic domination, while F to fluid domination. For the critical point G (where G stands for 'geodesic' since the system evolves along a geodesic trajectory in field space) the universe is dominated by the scalar potential energy, while for the scaling solution, S, the scalar sector tracks the fluid energy density, with Ω φ /Ω γ constant. In these critical points the flat direction φ 2 plays no rôle as is evident from the fact that all have x 2 = 0. These critical points are well known in single-field models [18] . The N G critical point (where N G now stays for 'non-geodesic' since the evolution is along a non-geodesic trajectory in field space) is the novel feature of this model arising from the presence of the flat direction φ 2 . We see that in this critical point φ 2 is dragged by the kinetic energy of φ 1 . The interesting aspect of this new fixed point is that ω φ −1 can be achieved even if the scalar potential sourcing H is too steep. The key ingredient is pushing the system into a strong curvature regime with k 1 k 2 . This could be an interesting mechanism to build quintessence models that are compatible with swampland constraints on flat potentials from string theory.
Besides establishing the existence of fixed points for the system (9), one can determine their stability by studying perturbations around them. The time evolution of the perturbations is determined by the eigenvalues of the stability matrix M ij = ∂h i /∂x j with i, j = 1, 2, 3 and x 3 ≡ y 1 . In the appendix we list the eigenvalues of M ij and the stability conditions that can be derived from them, which we depict in Fig. 2 for γ = 1. It is evident that for any value of k 2 a sufficiently large k 1 can give a stable N G fixed point with ω φ −1. In other words one can have accelerated expansion regardless of the steepness of the potential by going into the regime where the field-space curvature is large. 
B. Viable dark energy solutions
Having established the existence and stability properties of the fixed points, we now try to employ them to describe the late-time universe. Given that observations point to ω φ −1 and Ω φ 0.7 we automatically see that none of the fixed points above can be viable: only S allows for Ω φ < 1 but it does not give rise to accelerated expansion for the most natural situation γ = 1. One is therefore forced to model the current state of the universe as a transient phase that will eventually lead the system to one of the aforementioned fixed points.
With that in mind we perform a scan of the (k 1 , k 2 ) plane looking for transients through ω φ −1 and Ω φ 0.7. We choose matter (γ = 1) dominated initial conditions (x 1 , x 2 , y 1 ) ∼ (0, 0, 0). For each point in pa-rameter space we look for Ω φ 0.7 and then assess if ω φ is in agreement with the bounds derived in [20] for redshifts below unity, using the parametrisation [21, 22] 
. The results of this numerical analysis are presented in Fig. 3 . Notice that viable transients can be attained in a large part of parameter space, not only when the potential is flat, k 2 ≤ 0.6, but also for k 2 ≥ 1, provided k 1 is sufficiently large. Note that for flat potentials we reproduce the results of [23] , where the universe is today in a transient evolving towards G. In this regime the two-field dynamics changes only the future endpoint and has little bearing on the present evolution. If the field-space curvature is sufficiently large to allow for N G to exist and be stable, the system upon reaching the unstable G fixed point evolves along Ω φ = 1 trajectories towards N G. Conversely for small curvature only G exists and is stable, erasing any signs of two-field dynamics.
The novel feature of the two-field setup is the existence of a dark energy regime with ω φ −1 and Ω φ 0.7 even when the scalar potential is steep. Viable models in this regime feature a stable N G fixed point together with unstable G and/or S fixed points (depending on the steepness of the potential). Observationally viable transients are obtained as the system evolves from matter domination directly towards N G in the vicinity of the (x 1 , x 2 ) = (0, 0) axis. In Fig. 4 we display the time evolution of the system for a range of initial conditions corresponding to matter domination. For k 1 = 10 and k 2 = 1/2 the system evolves towards G, which in this case is a saddle, before settling into the pair of N G attractors. On the other hand, for k 1 = 300 and k 2 = 1, the distance between G and the two N G fixed points increases and the system simply evolves towards the non-geodesic solution. Red lines represent trajectories which can yield Ω φ 0.7 and ω φ −1, while blue trajectories do not satisfy present observational bounds.
III. SUMMARY
In this paper we proposed a new mechanism to generate a period of late-time accelerated expansion. Contrary to existing mechanisms, it does not rely on a flat potential, but rather on a curved field space in the presence of [20] as presented in [23, 24] . Dashed lines represent the boundaries between the stability domain of each fixed point. This can open the way to build new quintessence models in agreement with observations for scalar potentials whose flatness is lifted by quantum corrections. Let us also stress that these non-linear sigma models arise rather generically in string constructions and seem promising frameworks to build dark energy models in agreement with constraints from the swampland program. It would be very interesting to find explicit string models with all moduli stabilised except for a runaway direction which could play the rôle of our φ 1 field. φ 2 might instead be its axionic partner that would be naturally ultra-light since its mass is protected at perturbative level by a shift symmetry. We leave this investigation for future work.
We finally mention that quintessence models are notoriously plagued by problems with fifth forces which would be shared also by our model. In fact, if φ 2 is a pseudoscalar, as expected from string models, it would not cause any problem. However φ 1 , if it couples to ordinary matter with Planckian strength, would need to be as heavy as at least O(1) meV, which would require k 2 10 30 . To avoid such a huge value of k 2 one has to suppress the couplings of φ 1 , for example by geometrical sequestering in the extra dimensions as in [25, 26] .
APPENDIX
In this appendix we display the eigenvalues of the stability matrix M ij (denoted by µ), from which we derive the stability conditions for each fixed point.
• K ± : For k 1 , k 2 > 0 and 0 < γ < 2, all fixed points are either saddles or unstable since: 
which leads to the following stability region:
• G: For γ = 1 and k 1 > 0 this fixed point is stable in the region: 0 < k 2 < √ 3 and 0 < k 2 < k 2 1 + 6 − k 1 since:
• N G: In this case the exact eigenvalues cannot be computed analytically, however we may note that for this fixed point to provide a viable description of dark energy, ω φ ∼ −1 and therefore ω φ + 1 = 2k2 2k1+k2 1. To zeroth order in ω φ + 1 one finds:
and so stability can be achieved for k 2 ≥ −k 1 + 6 + k 2 1 , which matches the existence condition in Tab. I. To get a complete picture of the stability of this fixed point one has to use numerical methods to compute the eigenvalues of M ij for generic k 1 and k 2 , finding that stability can be achieved for:
This numerical result can be confirmed analytically by checking that the stability matrix develops a vanishing eigenvalue along the borders of the stability region defined in eq. (13).
